1. Let {X,} be a decreasing sequence tending to zero as n -poo, and put g1(x)=Xn cos nx, h1(x)=Xn sin nx. Let 92(x) and h2(x) be both non-increasing functions bounded below in (0, ir) and such that xhz(x) E L(0, 7r), gz(x) E L(0, ar).
We put an=-f 2 g2(x) cos nx dx, bn=h2(x) sin nx dx. D. Adamovic proved in the paper [1] that xY-1 L(1/x)hz(x) E L(0, 7r) for 0<y<2, if and only if n-YL(n)bn converges absolutely, and that xy-1L(1 /x) g2(x) E L(0, 7r) for 0<7<1, if and only if n-"yL(n)an converges absolutely. And recently Chen Yung-Ming showed the interesting theorems which are related to the above results [3] .
In this note, we shall make some inprovement of the inequalities in T. M. Flett [4] and apply it to the generalization of those four theorems.
In this note, the condition (A) is not assumed preliminarily. If p=1, our theorems 2-5 coincide with the just mentioned theorems. The method of proof in Theorem 1 is due to T. M. Flett [4] . Theorems 2-5 correspond to Theorems 2-5 in G. Sunouchi [5] and our proofs will go along the line of [5] respectively. 2 . The slowly increasing function L(x) has the following properties (for
x-aL(x)-+0 as x-oo for every a>0.
(III) If we set for a>0
(IV) For a>0, we have
where A1, A2 are positive constants depending only on a and L. We give a proof of (IV). By the first equation in (III), we obtain
where A 1 is a constant independent of u, and we get the first inequality.
For the second, a proof is similar. 
PROOF. First, we show (1) in the case q>p>1. 
Write w=q(4+y+1/p)>0 (This is possible since X<1/p').
We have t-1,a-gFQ(t) Bl' Jt-1-w f uw-1-tYL-(9-2) 1 f(u)du
provided that we take E>0 such that w-E>0.
Thus we obtain t-1-9y-4L9 1 F9(t)dt Bi'?)'B2 J(q-P) r u-1-,,yL p u du fl t J1 7L (f) which proves (1). In the case q>p=1, put X=0, and the inequality (1) may be obtained by the similar arguments.
We can prove the inequality (2) by the similar way writing
where E>0 is sufficiently small so that w-E>0.
THEOREM 2. I f X,, 0, p>1 and 0>7>-1, then a necessary and sufficient condition that; n-'+17y+'L(n)Xn should converge is that x-' L(1/x)gi(x) E L(0, 7r). So, putting G1(x) g1(t) dt, we have by inequality (1) nL(n)X c B6 T: n-1+Vy nL v (n)G1 SOME INTEGRABILITY   THEOREMS  OF TRIGONOMETRIC  SERIES  143   J3 , cj(n-1)
Thus the sufficiency part of Theorem is proved.
To show the necessity, we observe that g1(x) I<x+>.T: X cos vx 
Thus we complete the proof. a,<4 G2(ir/n), Pn>B21g(w/n), where Pn=a, G2(x)=j g2(t)dt.
In fact, writing an=g2(x) cos nx dx+g2(x) cos nx dx, the last term on the right is, by the second mean value theorem, less than 92(nr/n) (2/n)<G2(ir/n) in absolute value and the first inequality is immediate. To prove the second inequality it is enough to notice that: The proof of Theorem 4 is then quite analogous to that of Theorem 2.
THEOREM 5. If h2(x) and bn(n=1, 2,......) are defined in 1 with the exception of (A) and p>1, 0>y>-2, then a necessary and sufficient condition that n-'+2'Y+"L(n) bn I" should converge is that x-1-L (1/x)h''(x) E L (0, 7r).
PROOF. We may assume that h2(x)>0 in (0, nr). To show that the condition is sufficient, we observe b,l=h2 (x) sin nx dx
